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Fig 1 Axial flow pat-
terns behind wing with
square tip edge (NACA
6412 section; Reynolds
number = 6.8 x 104 ;
wing incidence = 12°).

Fig 2 Position of point of
changeover from axial
velocity excess to axial
velocity deficit behind
NACA 6412 section wing.
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appearance to a vortex burst. The disruption to the core by
these random motions appeared to be the mechanism by
which the vortex finally decayed.

Comparison with Other Experimental Results
Some of the flow features observed in the towing tank tests

have been noted also in wind tunnel and other tests, using
various wing sections and tip shapes, over a wide range of
Reynolds numbers. For example, the tank tests have shown
that, at certain stations behind a wing, an axial velocity deficit
on the core centerline can change to a velocity excess as the
wing incidence increases. Such a change has been observed in
wind-tunnel tests by Chigier and Corsiglia.6 The sudden
change from an axial velocity excess to a velocity deficit on
the core centerline has been observed in a wind-tunnel test by
Scheiman, Megrail, and Shivers,7 using smoke injected in-
termittently into a tip vortex. The flow distribution consisting
of a centerline deficit and a core edge excess has been
measured by Logan,8 and is also apparent in towing tank
photographs by Olsen.12 Tombach11 in flight experiments
using smoke injected from a wing tip has noted a random
motion along the core of apparent votex bursts, similar to the
flow pattern seen in the decaying vortex in the present towing
tank tests.

Conclusions
Towing tank tests have shown that the axial velocity

distribution in a wing tip vortex can take the form of a cen-

terline velocity excess, a centerline velocity deficit, or a cen-
terline velocity combined with a core edge velocity ex-
cess. The velocity distribution at any station behind the wing
depends on the wing section, tip shape, Reynolds number,
wing incidence, and distance of the station from the wing.
Only when these parameters are constant, can measured axial
velocity distributions be compared. The shape of the stream-
wise tip edge appears to be particularly important. The
published results of axial velocity measurements apply to a
range of wing sections and tip shapes, and this may account
for the variations in the axial velocity distributions.

References
I Olsen, J. H., Goldburg, A., and Rogers, M. (eds.), Aircraft Wake

Turbulence and Its Detection, Plenum Press, New York, 1971.
2Leverton, J. W., "Helicopter Noise—Blade Slap. Part 1. Review

and Theoretical Study," NASA CR-1221, Oct. 1968; "Part 2. Ex-
perimental Results," NASA GR-1983, March 1972.

3Ward, J. F., "Helicopter Rotor Periodic Differential Pressures
and Structural Response Measured in Transient and Steady-State
Maneuvers," Journal of the American Helicopter Society, Vol. 16,
Jan. 1971, pp. 16-25.

4Batchelor, G. K., "Axial flow in Trailing Line Vortices," Journal
of Fluid Mechanics, Vol. 20, Pt. 4, Dec. 1964, pp. 645-658.

5More, D. W. and Saffman, P. G., "Axial Flow in Laminar
Trailing Vortices," Proceedings of the Royal Society, (London), Vol.
33A, June 1973, pp. 491-508.

6Chigier, N. A. and Corsiglia, V. R., "Wind-Tunnel Studies of
Wing Wake Turbulence," Journal of Aircraft, Vol. 9, Dec. 1972, pp.
820-825.

7Scheiman, J., Megrail, J. L., and Shivers, J. P., "Exploratory In-
vestigation of Factors Affecting the Wing Tip Vortex," NASA TM-X-
2516, April 1972.

8Logan, A. H., "Vortex Velocity Distributions at Large Down-
stream Distances," Journal of Aircraft, Vol. 8, Nov. 1971, pp. 930-
932.

9Garodz, L. J., "Measurements of Boeing 747, Lockheed C5A and
Other Aircraft Vortex Wake Characteristics by Tower Fly-by
Technique," in Ref. 1, pp. 265-285.

10Poppleton, E. D., "Exploratory Measurements of the Flow in the
Wing Tip Vortices of a Lockheed Hercules," University of Sydney,
Aero. Tech. Note 7104, Dec. 1971.

I I Tombach, I., 'Observations of Atmospheric Effects on Vortex
Wake Behavior," Journal of Aircraft, Vol. 10, Nov. 1973, pp. 641-
647.

12Olsen, J. H., "Results of Trailing Vortex Studies in a Towing
Tank," in Ref. 1, pp. 455-472.

Analytical Solution for Inviscid Vortex
Roll up from Elliptically Loaded Wings

D. K. Lezius*
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Introduction

THE structure of trailing vortices after rollup from
aerodynamically loaded wings continues to be a subject of

major interest to workers in the field of vortex research. It is
desirable, for instance, to state, explicitly and analytically, the
distributions of circulation and tangential velocity in the
trailing vortex after rollup of the vorticity sheet that is
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generated by the wing loading. Since experimental evidence
shows the rollup process as essentially complete after several
span lengths, analytical knowledge of the early vortex struc-
ture would enable one to formulate, for example, initial con-
ditions from which subsequent vortex decay and vortex in-
stabilities could be studied. Consideration of the axial flow in
vortex cores and a variety of other phenomena associated with
trailing vortices also requires that the velocity distribution af-
ter rollup be known.

The analytical difficulties associated with the vortex rollup
problem were delineated by Spreiter and Sacks.1 Because of
the implicit nature of the mathematical relationships that
describe the shape of an originally flat sheet of vorticity after
it has rolled up into a vortex, generally valid explicit solutions
do not now exist. For the mathematically simple case of
parabolic wing loading, Brown2 has given an explicit ex-
pression that approximates the circulation near the vortex
center. In the more applicable cases considered by Mason and
Marchman3 and Rossow,4 including the most interesting case
of elliptical wing loading, the radial distributions of vortex
circulation for complete rollup were obtained in terms of
numerical solutions. The, nonanalytic character of these
solutions, however, renders them rather inaccessible to fur-
ther analytical study.

This paper presents an explicit analytical perturbation
solution that is based upon the Betz rollup theory, for the vor-
tex circulation after rollup from wings with elliptically
distributed span loading. Since the resulting series solution
converges rapidly, accurate and uniformly valid results
emerge for the complete rollup when only the first three terms
of the expansion are retained. Further approximations that in-
clude only one term yield simple, yet accurate, expressions for
the vortex circulation and the associated tangential velocity
and vorticity.

Analysis

The conservation laws governing the rollup of vortex sheets
from lifting wings were stated by Betz5 about 43 years ago,
but their re-emergence in simplified form and their sub-
sequent widespread use in the field of vortex research are due
to Donaldson.6 For the benefit of the subsequent analysis,
Betz's results are briefly summarized as follows: During
rollup of any region of a free vortex sheet, e,g., 177 < 77 < 1, in-
to a vortex radius r7, the circulation, centroid of vorticity,
and moment of inertia of vorticity associated with that por-
tion of the vortex sheet remain constant. An intermediate
stage of the rollup process in shown in Fig. 1.

In the present notation, the nondimensional wing and vor-
tex coordinates are y = 2y/b and r = 2r' /'b, with y and r' the
respective physical dimensions and b the wing span. The nor-
malized wing and vortex circulations are denoted by T w ( y )
and r y ( r ) , respectively. The conservation statements are
valid under the assumptions of inviscid rollup of the vorticity
sheet into a vortex with eventually circular streamlines and no
axial flow. Furthermore, for elliptically loaded wings, the
concentration of vorticity at the wing tip, \Tw/dr]\^oo as
17— 1, assures that rollup starts at the wing tip and proceeds in-
ward. Although the energy associated with the induced drag,
as pointed out by Moore and Saffman,7 is not conserved in
the kinetic energy of the vortex pair after rollup, according to
Betz's theory, the usually good agreement of the numerical
solutions with experimental data seems to indicate that the
error is not serious.

Thus, conservation of the three quantities stated above
requires that

di.

dTv

dr
ar

\: dr.
dr,

dr;= constant

(1)

(2)

dTw / dr,,

From Eqs. (1) and (3), it is found that, generally

and

r '1=

(4)

(5)

Substitution for arbitrary rj7 from Eq. (2) into Eq. (5) and in-
tegration by parts yields for the corresponding vortex radius

(6)

Clearly, an explicit solution for 77 7 in terms of rl would
provide the desired vortex circulation Tv ( r ) .

For elliptical wing loadingt, where

integration of Eq. (6) yields (for simplicity, the subscript on r
and 77 is dropped)

By setting 77 = 0, the distance from the wing centerline to the
centroid of vorticity for the entire half span is recovered, and
hence the radius of the area into which this vorticity rolls up,
i.e., r=ir/4.

So far, Eq. (8) is an exact solution of Eqs. (1-3), and any
approximations necessary to obtain a solution 77(r) will
reflect only the accuracy of the mathematical approximations.
Thus, by letting 6 = cos ~117 (see also Jordan8)

(9)=V2 [<9 ( s in0 ) - 7 - cos0 ]

can be obtained. Considering, for the moment, that only a
narrow strip of vorticity near the wing tip rolls up, r can be ex-
panded for small 6 in a series whose truncated part converges
sufficiently fast if 77 is chosen sufficiently close to 1. Upon
substitution of the series representations of sin 6 and cos 6 into
Eq. (9) and collecting terms after long division, the following
results

——90
13

7560
(10)

The rapid convergence of Eq. (10) makes it apparent that the
series represents r for larger values of 6 (smaller 17) than those
originally assumed, meaning also that Eq. (10) describes the
rollup of a wider vortex sheet. For example, at a point near
the center of the half span, where r? = 0.54 and 0=1, estimates
for the lower and upper bounds of the sum of Eq. (10) can be
inferred. In this case

___ 7___

1/3 £ ( "IT )"
n = 0 n = 0

or 0.3 <r< 0.375, whereas Eq. (9) yields the exact value of r
= 0.324. In fact, Eq. (10) converges uniformly in the interval

tAn approximate expression for T v ( r ) from elliptically loaded
wings was given by Betz. In terms of the nondimensional vortex radius

0<r<Vi

r>V3

This approximation somewhat reduces the maximum radius into
which the wing vorticity rolls up.
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Table 1 Exact and approximate solutions for vortex circulation Tv (r)

1 2

r rj

3 4 5 6
r> Tv(r) T v ( r ) Tv(r)

Two
Exact l Eq. (11) Exact Eq. (12) terms

7 8

r,(/-) T v ( r )
One One
term term

Eq.(12) Eq.(12) Eq. (15)

0 1.0
0.2 0.7096
0.4 0.4412
0.6 0.1987

1.0 0 0 0
0.7096 0.705 0.705 0.705
0.4403 0.897 0.898 0.899
0.1945 0.980 0.981 0.982

0.78 0.0054 -0.0056 1.0 1.0 1.0
7T/4 0 -0.0112 1.0 1.0 1.0

(— — — — ̂ _rww

^^^\l

i_ ̂  "i

This expression
solution for £(r)
coordinate rj by

0 0
0.699 0.712
0.889 0.900
0.974 0.980
0.999 1.0
0.999 1.0

approximates to within
, which may be obtained in
equating the integrants of

s. then evidently writem/ i - i d r v / d r - ( d T w / d 7 i ) ( d r / d r i )

0.3% the exact
terms of the wing
Eq. (1). One can

-/

After differentiating Eq. (8), we obtain the exact relationship

2-jrr dr

Fig. 1 Rollup of a free vortex sheet. (15)

0<0< 7T/2, so that the expression for r remains valid for
rollup of the entire vortex sheet from r/ = 1 to 17 = 0. The only
error introduced will be that of truncation, determined by the
choice to retain the first three terms of the series.

Reversion of the truncated series in Eq. (10) and sub-
stitution of 6 = cos" l r j gives 7 7 ( r ) explicitly, thus:

3 ? . Ill
—— r — ————
10 1400 (11)

The distribution of circulation in the vortex is obtained by
combining the result of Eq. (11) with Eqs. (4) and (7)

r y ( r )=s in [3 r+ ~ r 2 -
777

1400 (12)

the units of the square root being in radians. As shown in
Table 1, the expression thus derived provides rather accurate
values for the vortex circulation (Table 1, cols. 4 and 5). The
corresponding values of r/ and T v ( r ) were rounded to four
and three significant figures, respectively, whereby the exact
values of rj (col. 2) are solutions of Eq. (8).

For the nondimensional, inviscid velocity profile, Eq. (12)
yeilds,

7
sin

3
——

777
r*)* (13)

indicating the well-known velocity dependence in the inner
region of the vortex according tov(r)
given by

- r " v-. The vorticity is

dv
——dr

xcos (3r +

111

10

r2)

4irr

111

3 , 777
(3r+ —— r2 - ———V 10 1400

1400
(14)

It is interesting to note that Betz's approximate expression
for the vortex circulationf and Eq. (12) have the same leading
term in r. This results in equal values for the slope of Tv (r),
and thus for the vorticity £ (r) near the vortex center since, for
small r, sin Vs7«V3r. In this limit, the leading term alone
approaches the exact solution in both cases. A one-term ap-
proximation, however, of Betz's formula cannot be regarded
as sufficiently accurate above r~0.12. Yet, retaining only the
lowest order term in r of Eq. (12) does indeed represent the
vortex circulation to within 1 % of the exact solution (Table 1,
cols. 4 and 7) over the interval 0<r<7r/4, and thus for the
complete vortex rollup.

An alternative one-term approximation for T v ( r ) that is
exact at r = 0, and also at r= ?r/4, is obtained by choosing the
coefficient of r to be TT rather than 3. Applying this ap-
proximation to Eq. (12) gives for the circulation and tangen-
tial velocity

Tv (r)

and fromEq. (13)

v ( r ) « (7/2?rr)sin VTIT

(16)

(17)

The corresponding expression for the radial distribution of
vorticity is then given by

(7/4n/7rr)cos VTIT (18)

The choice of TT for the lowest-order coefficient is, of
course, motivated by the desire that one-term representation
of Tv and £ be exact at r=ir/4. Although, to this ap-
proximation, Tv (r) increases slightly faster for small r (Table
1, col. 8) than the exact solution, the error in this region still
remains less than 1 % of the exact solution for Tv and less than
4% for £ ( r ) . Above r = 0.4, the relationship shown in Eq.
(16) represents an exceedingly accurate approximation of the
vortex circulation.

In conclusion, it is well to point out that the degree of ap-
proximation to inviscid vortex rollup offered by Eqs. (16-18)
far outweighs that required for most engineering applications
or for comparison with experimental data. The real usefulness
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of these expressions lies in their mathematical simplicity,
which should facilitate further analytical studies.
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Effect of Aeroacoustic Interactions
on Ejector Performance

Brian Quinn*
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Experimental Background

THE mass entrainment performance of a family of
ejectors has been measured over a range of primary air

pressures and temperatures, 0<PRES < 120 psig, 60 < TRES <
1000°F. The ejector entrained ambient air through an ef-
ficient bellmouth inlet that led to a cylindrical mixing duct of
constant diameter D = 1.375 in. The length, L, of the duct
was varied incrementally. Primary air was injected through a
long, slender, convergent nozzle whose exit plane was cir-
cular, of diameter d = 0.2656 in. The axes of symmetry of the
duct and the nozzle were coincident, the exit plane of the noz-
zle and the throat of the bellmouth were also coincident.

A venturi metered the primary flow rate f n 0 , whereas the
entrained mass flow ml9 was computed from measurements
of ambient pressure and temperature and the pressure at the
throat of the bellmouth inlet. Both devices had previously
been thoroughly calibrated.1 The mixture of primary and en-
trained flows exhausted to the ambient. Beginning 1.1875 in.
downstream from the plane of injection, wall pressure taps
were drilled at quarter inch intervals along the mixing duct.
Adjacent taps were spaced at 90° intervals around the cir-
cumference of the duct.

Testing began with the longest mixing duct and proceeded
to ducts of decreasing length. The performance of the longer
ducts, in which mixing of the two streams was nearly com-
plete, agreed very well with the results of a simple, one-
dimensional analysis in which integral expressions of mass,
momentum and energy were balanced. This can be seen in the
upper curve of Fig. 1. Geometries within the interval 15.75>
LAD > 6.5, roughly, produced similar results: the entrainment
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Fig. 1 Effects of reservoir pressure on mass augmentation, TRES/
JA=1.0.

ratio rrij/mo decreased with increasing reservoir pressure
ratio, although overall performance dropped slightly below
the fully mixed predictions as the length of the duct decreased.

The Anomaly
What seemed to be substantial scatter first appeared in the

LID — 5.82 data. It was not until testing was repeated at 2 psi
increments of reservoir pressure that a real trend became ob-
vious and was considerably amplified with the shorter ducts.
Typical data are shown in Fig. 1. Performance at first
followed the trend of the simple analysis, although at a sub-
stantial reduction that reflected incomplete mixing. A trend
reversal occurred at approximately two atmospheres reservoir
pressure and peaked at 2.7. A second peak at PRES = 3.7 PA
brought the data near the fully mixed results. The peaks
clearly indicate an accelerated mixing condition that persisted
at the same pressure ratios with all of the ducts. This con-
dition was not obvious in the mass entrainment data from the
longer ducts because performance levels representative of
nearly complete mixing were achieved at all pressure ratios.
Nevertheless, accelerated mixing did occur and was obvious in
the wall pressure data.

Figure 2 is typical and describes the increase in wall
pressure, from PBM at the bellmouth throat to PA at the
exhaust plane, along the length of the duct. In these tests only
mixing and skin friction contribute to the pressure rise and the
effect of the latter is small. The distance along the tube at
which the data essentially become zero is therefore indicative
of the rate of mixing. Three distinct mixing rates are obvious.
At reservoir pressure ratios of three and less, the primary and
entrained streams require approximately seven or eight duct
diameters to complete mixing. In contrast, the PRES/^A =

3.7 data describe an accelerated mixing condition by achieving
their terminal state much earlier, at XID = 5. This is the same
pressure ratio at which one of the mass entrainment peaks in
Fig. 1 occurred. The pressure ratio 5 and 6.6 data suggest a
retarded condition that requires nine duct diameters to mix
completely.

A Proposed Mechanism
Research in the past decade has convincingly related en-

trainment and mixing to the large scale vortices convected
along the outer edges of jets and wakes, a structure known to
persist throughout a very large Reynolds number range. It
was, therefore, perplexing that the same nozzle should issue
jets with three distinct turbulence structures under similar
conditions. Abrupt changes in the quality of the ejector's
noise under different levels of reservoir pressure suggested an


